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AMENTAL PROBLEM in the theory of molecules and crystals is the evaluation of

ic many-center integrals of the type

(ablcd) *a(l)*b(l)[e /rl 2 ]*c(2)*d(2)dTldT2 , (I)

where the *-functions are normalized atomic orbitals associated with the nuclei a, b,

c, and d, which in special cases also may coincide. Useful approximate formulas for
1 2these integrals have been given intuitively by Sklar and by Mulliken , who have

expressed them in terms of overlap integrals 3

A ab = * WaVbd¶ = 6 ab+Sab (2)

'4and two-center Integrals of the Coulomb type. Recently Ruedenberg has shown rigor-

ously that the Mulliken formula may be considered as being the first term in an

Infinite expansion of (I).

At the Shelter Island Conference, 1951, J. E. Mayer pointed out that charge

densities (expressed in atomic units with e 1 1) of the form *a b-2ab~a do not give
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1A. L. Sklar, J. Chem. Phys. 7, 984 (1939); A. London, J. Chem. Phys. D, 396 (1945).

2 R. S. Mulliken, J. chim. phys. 46, 497, 675 (1949), see particularly Eqs. (63) and

(154b).

3Note the difturent meanings of the symbol S in papers by different authors; we have

alweys used this notation for the deviation from normality and orthogonality for a

set of functions, and, for a = b, we have therefore Saa = 0.
4 K. Ruedenberg, J. Chem. Phys. 19, 1433 (1951).
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MANY-CENTER INTEGRALS
any contribution to the total charge and that these "quasi-dipoles" may be used in the
interpretation of the energy expression5. The purpose of this note Is to show that it

is Possible to use quantities of a saiilar type for deriving a generalization of the

Sklar-Mulliken formulas.

For the sake of simplicity, let us assume that the charge distribution Oa~b has a

"center of gravity" T, which is cituated on the line connecting the nuclei a and b

with respective distances a and 0 from them, and that similarly *cVd has a center T,

on the line connecting c and d with the distances y and 6 from them. We will then

determine the coefficients in the expression XaVa 2+Xb*b 2 from the condition that this

quantity should have the same total charge and total moment as the density 'aVb, which

gives

S abl b )'ba (I+A/a)'l

with Lab Aba' In comparison to Mayer's idea this means that we are here considering
S!I a quantity which does not contribute to the total charge, nor to the

total moment. Neglecting the influence of higher moments, we obtain the approximate

formula

*a~b Xa~a+Xb*b k

and similarly

*oc'd )Xo~o +Xd~d ()

Substituting these expressions into (1), we get finally

(ablod) - Xaxc(aaloo)+Xaxd(aaldd)+Xbc(bblco)+Xb~d(bbldd) . (6)

Hence it is possible to evaluate the many-center integral (1) approximately in terms

of the overlap integrals Aab and Aod, the quotients a/0 and 7/6, and the Coulomb

integrals.

For symmetrical charge distributions with a = B and y = 6 the right-hand side of

(6) will reduce to the Mulliken formula. However, in the case of unsymmetrical charge

distributions, as for instance in ionic crystals, formula (6i 6=! to be an essential

improvement of the previous one, and, in such a case, it probably also indicates a

5See also 0. L. Montet, S. P. Keller, and J. E. Mayer, J. Chem. Phys. 20, 1057
(1952), and Keller's and Montet's Ph. D. Theses (The University of Chicago).
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method of improving the convergence of the Ruedenberg procedure by using unsfyimetrical

multiplication factors.

In order to derive the Sklar formula, we observe that the quantities Aab*T2 and

AcT2 have the same total charge and the same total moment as the given distributions

*aVb and *efd, r(:speotively. Neglecting higher moments, we get therefore

Aa•2 2
Wa'b AabWT I , o'd " cd*T, (7)

Here *, and VT, are atomic orbitals associated with the centers of gravity T and T',

respectively, which have to be chosen in a suitable way1 . Substitution of (6) into

(1) gives then the approximate formula

(ablod) - Aab od(TTIT'ITI) , (8)

which is essentially the Sklar formula. By combining the forms of (4) and (7), a
still better result may sometimes be obtained by using a three-parameter formula and

a third condition related to;'one of the higher moments.

The effect of the higher moments in general and the correction terms in (6) and

(8) may be found by oumparing..these formulas with the exact expressions derived in

another way 6 . However, a direct comparison with the numerical values of the integral
(1) in special oases previously obtained by us 7 for some alkali and alkali metals and
with Lundqvist's 8, material for LiH shows that formulas (6) and (8) in most oases have

a surprisingly high accuracy, but also that there exist exceptional integrals of

certain degenerate types whioh are better treated by more direct methods.

Formulae (6) and (8) are intended for use, e.%., in the MO-LCAO method based on

ordinary atomic orbitals (AO). If the molecular orbitals instead are built up from

orthonormalized A09 , the use of (4) and (5) for the ordinary AO will lead to results

which are related to those recently intuitively given by Parr10

6S. 0. Lundqvist and P.-O. LL~wdin, Arkiv _r.ik 2, 17 (1951).

7 See P.-O. Lowdln, J. Chem. Ehys. 18, 365 (1950), 12, 1579 (1951) and references in
these papzrre

8S. 0. Lundqvist, private communication.

9 P.-O. Lowdin, J. Chem, Phys. 18, 365 (1950).
'OR. 0. Parr, J. Chem. Phys. 20., 1499 (1952).
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Finally, we wish to remark that the author's expressions for the total and

cohesive energies for the ground state of a molecule or crystal having its total wave

function approximated by a single determinant may be essentially simplified by using

formula (6) and by summing the contributions from all matrix elements constituting the

ooeffioients of the remaining Coulomb integrals; in this process it is even possible

to treat the degenerate integrals separately. More details will be given in a survey

of the various methods of evaluating many-center Integrals to be published elsewhere.

I would like to express my sincere gratitude to Professor R. S. Mulliken for many

valuable discussions and for his great hospitality during my stay in Chicago.

J1p.-o. Lowdln, J. Chem. Phs. 1D, 1570 (1951), Eqs. (3) and (51).
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